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We introduce a different perspective describing electron-phonon interactions in graphene based
on curved space hydrodynamics. Interactions of phonons with charge carriers increase the electrical
resistivity of the material. Our approach captures the lattice vibrations as curvature changes in
the space through which electrons move following hydrodynamic equations. In this picture, inertial
corrections to the electronic flow arise naturally effectively producing electron-phonon interactions.
The strength of the interaction is controlled by a coupling constant, which is temperature inde-
pendent. We apply this model to graphene and recover satisfactorily the linear scaling law for the
resistivity that is expected at high temperatures. Our findings open up a new perspective of treat-
ing electron-phonon interactions in graphene, and also in other materials where electrons can be
described by the Fermi liquid theory.
FIG. 1. Graphene membrane at 300 K after the electronic
flow has reached a steady state. Streamlines indicate the ve-
locity field of the electronic flow that moves from left to right.
The colours represent the height.
At finite temperatures, phonons interact with charge
carriers, and therefore, contribute to the electrical re-
sistivity of the respective material [1]. In suspended
graphene, the temperature dependence of the resistivity
follows a linear increase due to electron-phonon interac-
tions above 100 K. 1 Recently it has been shown that elec-
tronic flow in graphene can be modelled using relativistic
1 In graphene, the Debye temperature (corresponding to the the-
oretical highest phonon frequency in the material) is very high,
T ≈ 2300 K and T ≈ 1300 K for planar and out-of-plane
phonons, respectively [2]. However, for low electron densities,
the Fermi energy can be substantially smaller than the Debye
energy, and only phonons with energy smaller than two times the
Fermi energy, corresponding to a full backscattering of electrons,
can scatter with the electrons. This defines the Bloch-Grun¨eisen
temperature TBG [3], which for doped suspended graphene is
hydrodynamic equations [7–14]. Usually, in this hydro-
dynamic formalism, electron-phonon interactions are in-
cluded into the equation for the electrical current density
~J as a damping term, − ~J/τp, with a characteristic relax-
ation time τp [13, 14]. However, a proper inclusion of
lattice-fluid interactions are missing. Here, we present a
novel approach where we account for the electron-phonon
interactions by including inertial corrections due to the
deformations of the graphene sheet. We address the ques-
tion whether these inertial corrections can recover the
linear temperature relation of the electrical resistivity in
the high temperature regime.
For this purpose, we use molecular dynamics simula-
tions to simulate different graphene membranes at differ-
ent temperatures and imposed strains. From the position
of the atoms, we build the coordinate system in which
the electrons flow, and extract the inertial corrections
to include them into the two-dimensional hydrodynamic
equations. In Fig.1, we can observe how the presence of
thermal fluctuations produces curved streamlines of the
electron velocity field.
To simulate the graphene sheets with molecular dy-
namics we use the adaptive intermolecular reactive bond-
order (AIREBO) potential [15]. This many-body poten-
tial has been developed to simulate molecules made of
carbon and hydrogen atoms, and has been very success-
ful to reproduce the phonon dispersion curves of graphene
[16]. In our simulations we consider suspended graphene
sheets of Lx = 99.2 A˚, (see Fig. 2), but also two stretched
cases with 100.6 A˚ and 102.1 A˚. As shown in Fig. 2
the zigzag edge is located along the x-direction (top and
bottom) and accordingly the armchair edge along the y-
direction (left and right). The atoms can freely move
around 100 K [4, 5]. The linear relation also holds when external
strain is applied to the graphene samples [6].
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FIG. 2. Discrete mapping (dashed arrow) that describes the
embedding of the two-dimensional triangular lattice (bottom
figure) in the three-dimensional Cartesian space (top figure).
The circles represent the atoms. The electrical contacts are
shown in grey at both ends of the graphene sheet.
in all directions, except the ones at the left and right
boundary, representing the electrical contacts (grey in
Fig. 2). The distance between contacts will be denoted
by Lx. Note that since the left and right boundaries are
fixed, we are effectively applying strain to the graphene
samples. We simulate several samples at different tem-
peratures within the range of 100-600 K controlling the
temperature of the system with a Nose´-Hoover thermo-
stat. All molecular dynamics simulations run (during the
thermalisation procedure) with a time step ∆t = 1 fs,
which is small enough to capture the dynamics of the
carbon-carbon interactions accurately. Randomised ve-
locities are attributed to the atoms at the beginning of
each simulation. After reaching thermal equilibrium we
are ready to couple the graphene sheet to the fluid solver
and introduce electrical currents.
The electronic flow in flat graphene can be modelled
using relativistic hydrodynamic equations, which are re-
sponsible for the conservation of particles, ∂µN
µ = 0,
and energy and momentum, ∂µT
µν
0 = 0, where N
µ =
nUµ and T0 are the 3-particle flow and the energy-
momentum tensor, respectively. Here, n is the num-
ber of particle density and Uµ the 3-velocity of the
electronic flow. The energy momentum tensor reads
T0 = (+p)U
µUν/v2F−pηµν+piµν , where ηµν are the com-
ponents of the Minkowski metric and piµν is the shear-
stress tensor, which can be approximated by the equation
piµν ≈ κ(ηµλ∂λUν + ηνλ∂λUµ), with κ being the shear
viscosity.  and p are energy density and pressure, re-
spectively. The equation of state completes this set of
equations, which for the case of graphene is given by
 = 2P . Here, the Fermi velocity is denoted by vF . To
take into account the curvature of suspended graphene
sheets, we consider inertial corrections in these equa-
tions. For this purpose, we first use the covariant for-
mulation of the hydrodynamic equations in curved space
to determine the terms responsible for the inertial cor-
rections, and afterwards, we introduce them as a forc-
ing term into the respective equations for flat graphene.
The conservation equations in curved manifolds are de-
rived by replacing the partial derivative by the covari-
ant derivative and extending the energy-momentum ten-
sor to curved space, i.e. Tµν = Tµν0 + p(η
µν − gµν).
The covariant derivative ∇µ in the curvilinear coordi-
nate system can be expressed through the respective
partial derivative by ∇µNµ = ∂µNµ + ΓµµλNλ, and
∇µTµν = ∂µTµν + ΓµµλTλν + ΓνµλTµλ, with Γµµλ being
the Christoffel symbols computed as follows:
Γσµν =
1
2
gσρ
(
∂gρµ
∂xν
+
∂gρν
∂xµ
− ∂gµν
∂xρ
)
. (1)
At this stage we include a temperature independent
coupling constant α in front of the inertial corrections
which accounts for the strength of the electron-phonon
interaction. Thus, the set of equations can be written as
∂µN
µ = αFN , (2a)
∂µT
µν
0 = αF
ν
T , (2b)
with
FN = −ΓµµλNλ (3a)
F νT = −ΓµµλTλν0 − ΓνµλTµλ0 − (ηµν − gµν)∂µp. (3b)
To solve the hydrodynamic equations, we use the lat-
tice Boltzmann solver described in Ref. [12, 17], and add
the inertial contributions as external forces (see Supple-
mentary Information). The model discretises space as
regular triangular lattice, which we couple to graphene’s
hexagonal lattice. As shown in Fig. 2, the atoms form
a two-dimensional manifold which can be described by
a discrete mapping Φ(ct, x, y) from the curved space to
the three-dimensional flat space (reference frame of the
laboratory, where the metric is given by the Minkowski-
metric). The metric tensor can be computed by
gµν =
∂Φα(ct, x, y)
∂xµ
∂Φβ(ct, x, y)
∂xν
ηαβ . (4)
Similarly, the Christoffel symbols are obtained from
Eq. (1). Further details on this calculations can be found
in the Supplementary Information. The graphene sheet
possesses zigzag boundaries at the left and right end.
For the fluid solver we impose periodic boundary con-
ditions at these boundaries, which correspond to the in-
and outlet. The free sides of the graphene sheet pos-
sesses armchair geometry and, therefore, we impose free
slip boundary conditions.
3In order to obtain general results and allow for more
insight, we make the hydrodynamic equations dimen-
sionless (See Supplementary Information for the detailed
analysis). Considering that the shear-stress tensor de-
pends linearly on the shear viscosity [18, p. 109] we
find that the physics of the electronic flow only depends
on two dimensionless numbers: A1 = κ0v
′2
F u0/x00, and
A2 = e0E0/x00v
′2
F , where 0, u0, x0, κ0, e0, and E0
are characteristic values for the energy density, velocity,
length, shear viscosity, electric charge, and electric field,
respectively. Note that 1/A1 is related to the Reynolds
number [19]. The parameter range of our simulations is
0.14 ≤ A1 ≤ 2.05 and 10−8 ≤ A2 ≤ 10−6.
To produce an electrical current, we apply an external
electric field in x direction, Ex = 1.43× 109− 1011 V/m.
In our simulations, we set n = 1.36 × 1013 /cm2, chem-
ical potential µ = ~vF
√
pin ≈ 6.89 × 10−20 kgm2/s2 ≈
0.43 eV, and p = 13µn ≈ 3.12 × 10−3 kg/s2. We use the
shear viscosity for doped graphene given by [8]
κ(T ) = cνn(
µ
kBT
)
3
2 , (5)
with cν ≈ 1.33 × 10−34kgm2/s ≈ 54~. We couple the
electronic fluid to the atomistic simulation using the same
length-scale x0 = ∆xMD = 1 A˚ and time scale t0 =
∆tMD = 10
−5 fs. After each iteration we compute the
metric tensor and the Christoffel symbols and simulate
the electronic flow until we obtain the electrical current
in steady state. The momentum change in the fluid is
imposed on the atoms to ensure momentum conservation
of the system.
We perform simulations for different strains and dif-
ferent values of the coupling constant and measure the
resistivity of the graphene sheets using Ohm’s law, 〈ρ〉 =
ExLy/I(t→∞), where the electrical current is given by
I(t) =
∫ Ly
0
en(ct, x = Lx, y)U
x(ct, x = Lx, y)dy. (6)
In Fig. 3, we observe that all our calculations of the elec-
trical resistivity of graphene exhibit a linear dependence
with temperature, ρ = γs(α)T + ρ0(α,Lx). This linear
dependence is in agreement with experimental measure-
ments and theoretical predictions [4, 5]. Additionally, the
slope γs(α) only depends on the strength of the coupling
constant α but not on the applied strain, which is also in
agreement with previous works [6]. We can also observe
from the inset of Fig. 3 that γs ∝ α2.15±0.03. The factor
γs can be compared with the values from the Boltzmann
transport theory [5], where
ρ = γT ≡ piD
2kB
4e2~ρmv2phv2F
T, (7)
with ρm = 7.6 × 10−7 kg/m2 being the mass den-
sity of graphene, vph the phonon velocity and D the
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FIG. 3. Temperature dependence of the electrical resistivity
of graphene due to inertial corrections for different coupling
constants α. The dashed lines correspond to the best fit for
the function ρ = γsT+ρ0 = ρc+ρ0 for α = {1.0, 0.5, 0.1} with
γs(α = 1.0) = 180 ± 20 Ω/K,γs(α = 0.5) = 44 ± 7 Ω/K and
γs(α = 0.1) = 1.3 ± 0.1 Ω/K. The colors represent graphene
membranes with different strains where red circles stand for
a graphene sheet with size Lx = 99.2 A˚, green triangles for
Lx = 100.6 A˚ and blue squares for Lx = 102.1 A˚. Inset: Log-
log plot of γs dependence on α. In both figures, the errorbars
are smaller than the symbols.
deformation-potential coupling constant. Experimental
and theoretical results suggest that the deformation-
potential varies within the range of 4.5 ≤ D ≤ 50 eV
[20–22], and phonon velocities within 2 × 104 ≤ vph ≤
3 × 104 m/s. Thus, one expects γ to be in the range
0.012 ≤ γ ≤ 2.8 Ω/K. From our results we deduce that
0.01 ≤ α ≤ 0.14 to obtain results compatible with γ.
The residual resistivity ρ0 is 704 ± 33 Ω for α = 0.1
and is a consequence of the static corrugations (ripples)
present at any temperature. These ripples stabilize the
two-dimensional crystal circumventing the Mermin Wag-
ner theorem, which states that crystalline order cannot
exist in two dimensions [23].
The existence of a resistivity points to the presence
of dissipation. Recently, it has been shown that en-
ergy dissipation in flows through curved manifolds arises
from the curvature [24]. The Ricci scalar (or curvature
scalar) is a measure for the curvature and is given by
Rµµ = g
νσ(Γµνσ,µ − Γµνµ,σ + ΓδνσΓµµδ + ΓδνµΓµσδ). We have
analysed the Ricci scalar for different strains and temper-
atures and found that its maximal absolute value remains
constant during time evolution and depends only on the
temperature of the system (see inset of Fig. 4). As func-
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FIG. 4. Maximal absolute value of the Ricci scalar |Rii| for
graphene membranes with distances Lx. Main panel: time
averaged Ricci scalar 〈|Rii|〉 for different temperatures and dis-
tances Lx. Red circles correspond to Lx = 99.2 A˚, with an ex-
ponent 0.49±0.02. Green triangles correspond to Lx = 100.6
A˚, with an exponent 0.55 ± 0.03. Blue squares correspond
to Lx = 102.1 A˚, with an exponent 0.64 ± 0.01. Inset panel:
Time evolution of |Rii| for graphene membranes at different
temperatures for Lx = 102.1 A˚.
tion of temperature the Ricci scalar follows a power-law
with an exponent that increases with the applied strain
(see main panel in Fig. 4).
We have also studied the standard deviation of the
heights of our graphene sheets, and found that they are
virtually not influenced by temperature, within the range
of 100−600 K (see Fig. 5 of Supplementary Information).
Therefore, we conclude that, an increase of temperature
mainly induces in-plane atomistic motion, increasing the
average effective bond length (see Figs. 6 a-c in the Sup-
plementary Information), and consequently, increasing
the local curvature. Since curvature induces energy dis-
sipation [24, 25], this explains why larger temperatures
result in larger electrical resistivities.
To summarise, we have shown that inertial corrections
lead to a linear dependence of the electrical resistivity
with temperature in suspended graphene, which is in
agreement with experimental measurements of the elec-
trical resistivity due to electron-phonon interactions at
high temperatures. To characterize the strength of the
electron-phonon interaction in our model, we have intro-
duced a coupling constant α, and for values of α ≈ 0.1
one recovers the same values of γ known from theoretical
predictions and experimental measurements. Addition-
ally, the resistivity does not depend on the strain imposed
to the sample, which is also in agreement with previous
work [6]. We also analysed the maximal absolute value
of the curvature as function of temperature and found
a power-law behaviour with an exponent that changes
slightly with the applied strain. Finally, by studying the
average height fluctuations of the graphene sheets, we
also discovered that by increasing the temperature, the
height fluctuations remain almost unchanged, and conse-
quently, including larger local values of curvature. In our
model, larger curvature implies more energy dissipation,
and consequently, larger electrical resistivity.
Our finding opens up many interesting questions, as
for instance, if one can discern the influence of different
types of vibrational phonons, e.g. flexural, acoustic, and
optical, by studying how they introduce curvature into
the hydrodynamic system. By extending our molecular
dynamics simulations, one could also explore the elec-
trical resistivity due to the electron-phonon interactions
when the graphene sample is placed on a substrate [21].
Finally, our approach can also be applied to other two-
and three-dimensional crystals, where electrons are well
described as Fermi liquid. In those structures, ion dis-
placements due to phonons can induce intrinsic curva-
ture, and consequently, energy dissipation in the elec-
tronic flow. Applying our model to other materials will
be an interesting subject for future research.
We thank the European Research Council (ERC) Ad-
vanced Grant No. 319968-FlowCCS for financial support.
∗ gilario@ethz.ch
† mmendoza@ethz.ch
‡ hjherrmann@ethz.ch
[1] U. Ro¨ssler, Solid state theory: an introduction (Springer
Science & Business Media, 2009).
[2] V. K. Tewary and B. Yang, Phys. Rev. B 79, 125416
(2009).
[3] F. Bloch, Z. Phys. 59, 208 (1930).
[4] D. K. Efetov and P. Kim, Phys. Rev. Lett. 105, 256805
(2010).
[5] E. H. Hwang and S. Das Sarma, Phys. Rev. B 77, 115449
(2008).
[6] E. V. Castro, H. Ochoa, M. I. Katsnelson, R. V. Gor-
bachev, D. C. Elias, K. S. Novoselov, A. K. Geim, and
F. Guinea, Phys. Rev. Lett. 105, 266601 (2010).
[7] M. Mu¨ller, J. Schmalian, and L. Fritz, Phys. Rev. Lett.
103, 025301 (2009).
[8] A. Principi, G. Vignale, M. Carrega, and M. Polini,
Phys. Rev. B 93, 125410 (2016).
[9] L. Levitov and G. Falkovich, Nature Phys. (2016).
[10] M. Mendoza, H. Herrmann, and S. Succi, Sci. Rep. 3
(2013).
[11] M. Mendoza, H. J. Herrmann, and S. Succi, Phys. Rev.
Lett. 106, 156601 (2011).
[12] O. Furtmaier, M. Mendoza, I. Karlin, S. Succi, and H. J.
Herrmann, Phys. Rev. B 91, 085401 (2015).
[13] R. Bistritzer and A. H. MacDonald, Phys. Rev. B 80,
5085109 (2009).
[14] D. Svintsov, V. Vyurkov, S. Yurchenko, T. Otsuji, and
V. Ryzhii, J. Appl. Phys. 111, 083715 (2012).
[15] S. J. Stuart, A. B. Tutein, and J. A. Harrison, J. Chem.
Phys 112, 6472 (2000).
[16] E. N. Koukaras, G. Kalosakas, C. Galiotis, and K. Pa-
pagelis, Sci. Rep. 5 (2015).
[17] D. Oettinger, M. Mendoza, and H. J. Herrmann, Phys.
Rev. E 88, 013302 (2013).
[18] C. Cercignani and G. M. Kremer, The Relativistic
Boltzmann Equation: Theory and Applications (Boston;
Basel; Berlin: Birkhauser, 2002).
[19] C. Pozrikidis, Fluid dynamics: theory, computation, and
numerical simulation (Springer Science & Business Me-
dia, 2009).
[20] K. M. Borysenko, J. T. Mullen, E. Barry, S. Paul, Y. G.
Semenov, J. Zavada, M. B. Nardelli, and K. W. Kim,
Phys. Rev. B 81, 121412 (2010).
[21] J.-H. Chen, C. Jang, S. Xiao, M. Ishigami, and M. S.
Fuhrer, Nat. Nanotechnol. 3, 206 (2008).
[22] K. Bolotin, K. Sikes, J. Hone, H. Stormer, and P. Kim,
Phys. Rev. Lett. 101, 096802 (2008).
[23] N. D. Mermin, Phys. Rev. 176, 250 (1968).
[24] J.-D. Debus, M. Mendoza, S. Succi, and H. Herrmann,
arXiv preprint arXiv:1511.08031 (2015).
[25] J.-D. Debus, M. Mendoza, S. Succi, and H. J. Herrmann,
Phys. Rev. E 93, 043316 (2016).
Conservation equations for curved spaces
The lattice Boltzmann model for flat space reported in
Ref. [17] needs to be extended in order to simulate rela-
tivistic hydrodynamics in curved spaces. This numerical
model solves the following conservation equations:
∂µN
µ = 0, (8a)
∂µT
µν
0 = 0, (8b)
where Tµν0 is the energy momentum tensor for flat space,
Tµν0 = (+ p)
UµUν
v2F
− pηµν + piµν . (9)
In curved spaces, the energy momentum tensor has to
be conserved as well. However, conservation of quanti-
ties in a curved manifold needs to be expressed through
covariant derivatives, instead of partial derivatives. The
conservation equations for the number of particles and
energy momentum tensor are given by
∇µNµ = 0, (10a)
∇µTµν = 0, (10b)
where the covariant derivatives ∇µ of the 3-particle flow
and energy-momentum tensor relate to the partial deriva-
tives ∂µ as follows:
∇µNµ = ∂µNµ + ΓµµλNλ, (11a)
∇µTµν = ∂µTµν + ΓµµλTλν + ΓνµλTµλ, (11b)
where Γµµλ denote the Christoffel symbols which are com-
puted with the metric tensor using
Γσµν =
1
2
gσρ
(
∂gρµ
∂xν
+
∂gρν
∂xµ
− ∂gµν
∂xρ
)
. (12)
Additionally, the energy momentum tensor in curved
manifolds reads
Tµν = (+ p)
UµUν
v2F
− pgµν + piµν , (13)
where gµν is the metric tensor and piµν the shear-stress
tensor, which can be approximated by the equation
piµν ≈ κ(gµλ∇λUν +gνλ∇λUµ). Using the property that
∇µgµν = 0, we can rewrite the covariant derivative of the
energy-momentum tensor as
∇µTµν = ∇µTµν0 + (ηµν − gµν)∇µp. (14)
Thus the conservation equations (10) expressed with the
energy-momentum tensor for the flat space Tµν0 reads
0 = ∇µTµν = ∇µTµν0 + (ηµν − gµν)∇µp
= ∂µT
µν
0 + Γ
µ
µλT
λν
0 + Γ
ν
µλT
µλ
0 + (η
µν − gµν)∂µp,
(15)
where we have used the fact that partial derivatives equal
covariant derivatives when acting on scalars. At this
stage we also include a temperature independent cou-
pling constant α which accounts for the strength of the
inertial corrections. Thus, this set of equations can be
written as
∂µN
µ = αFN , (16a)
∂µT
µν
0 = αF
ν
T , (16b)
with
FN = −ΓµµλNλ (17a)
F νT = −ΓµµλTλν0 − ΓνµλTµλ0 − (ηµν − gµν)∂µp. (17b)
Here F νT and FN can be introduced in the numerical
model as external forces using the technique described
in Ref. [12].
Dimensionless quantities
In order to obtain general results we transform the hy-
drodynamic equations to dimensionless form and deter-
mine the dimensionless quantities that characterise our
systems. We also include a force density ~F ext = ne~E
6describing an external electric field ~E to the energy-
momentum conservation equation (16).
To write the equations in a dimensionless form, we
first express all relevant quantities in dimensionless form:
x = x0x
′, u = u0u′, t = t0t′,  = 0′, E = E0E′, κ = κ0κ′
e = e′e0, n = n′/x20 and vF = u0v
′
F where all primed
variables are dimensionless. Furthermore, the relation
u0t0 = x0 holds, which allows us to write the temporal
derivative ∂0 = (1/vF )∂t = (1/v
′
Fu0t0)∂t′ = (1/v
′
Fx0)∂
′
0,
and thus for v′F = 1, the relation ∂µ = (1/x0)∂
′
µ is also
satisfied.
We divide the energy-momentum tensor in an equilib-
rium part and a dissipative part Tµν = Tµν(eq) + piµν .
The equilibrium part can be written in its dimension-
less form Tµν(eq) = 0T
′µν(eq). Assuming that the shear-
stress tensor is linearly dependent on the shear viscosity
κ [18, p. 109] and taking into account that the shear
stress tensor has the same units as the energy-momentum
tensor (κ0 =
0x0
u0
), we get piµν = κ0(0/κ0)pi
′µν =
κ0(u0/x0)pi
′µν . The force densities (17) transform as
FN = (0/x0)F
′
N and F
ν
T = (0/x0)F
′ν
T , respectively.
This can be derived from the fact that, in our case,
the metric is dimensionless and thus the Christoffel sym-
bols (as derivative of the metric) transform as Γµνσ =
(1/x0)Γ
′µν
σ .
With the considerations above, equations (16) read
1
x30
∂′µN
′µ =
1
x30
F ′N , (18a)
0
x0
∂′µT
′µν(eq) + κ0u0
x20
∂′µpi
′µν(eq) (18b)
= 0x0F
′ν
T +
e0E0
x20
n′e′E′ν . (18c)
While the first equation remains unchanged, we observe
after multiplying by (x0/0) that the second equation
only depends on two dimensionless numbers
A1 =
κ0u0
x00
, (19)
and
A2 =
e0E0
x00
. (20)
Strain
All simulations are performed with the same number
of carbon atoms (N = 4114). The atoms at the left and
right boundary are fixed at a distance Lx from each other
and are not allowed to move nor change their effective
bond lengths. The simulations are preformed for different
Lx = 99.2−104.2 A˚ which correspond to initial effective
bond lengths a = 1.38− 1.45 A˚.
The distance Lx is related to the tension imposed on
the graphene membrane. One expects that increasing Lx
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FIG. 5. Main figure: Standard deviation of the heights
σ as a function of temperature for different Lx =
{99.2, 100.6, 102.1}. Inset: Temperature averaged standard
deviation 〈σ〉 for different distances Lx.
results in a more stretched membrane and the height fluc-
tuations are reduced. Figure 5 confirms that the height
fluctuations
√〈z2〉 − 〈z〉2 depend on Lx and therefore
also on the strain imposed on the graphene membrane.
Interestingly, the height fluctuations are independent on
the temperature. In contrast, the width of the effective
bond length distribution presents a strong temperature
dependence as shown in Figs. 6 a-c.
This finding is related to the Ricci scalar analysis (see
Fig. 4), where it has been shown that the absolute value
of the Ricci scalar has a much stronger temperature de-
pendence than a dependence on Lx. A higher temper-
ature results in a broader width of the effective bond
length distribution. This leads to a higher average Ricci
scalar and consequently to more curvature in the system.
The curvature introduces shear which is responsible for
saturation of the current.
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FIG. 6. Distribution of the effective bond lengths for Lx =
99.2 A˚ (a), Lx = 100.6 A˚ (b) and Lx = 102.1 A˚ (c). The
black line corresponds to a Gauss distribution with mean µ
and standard deviation σ.
